Introduction. Let S be the space of all doubly-indexed, bilateral, complex sequences of the form (t/, m £, U^f]), where ί/, and U 2 are unitary operators on a Hubert space H and £, η E H. In [17] it was shown that, under coordinatewise addition and multiplication, S is an algebra containing all sequences of Fourier-Stieltjes coefficients of complex Borel measures on the torus T 2 . It was also show that if
V= C(T)®C{T)
denotes the projective tensor product of the space C(T) with itself, then there is a natural embedding of S in the dual V* of V. Namely, if (a mn ) E S there is a unique element u E V* such that = ( e~inθ ® e~i mφ , u) 9 -oo < m, n oo.
The question whether every element of V* arises from S in this way was left open in [17] . However, it was pointed out to us by G. Pisier that a positive answer to this question follows easily from the Fundamental Theorem of the Metric Theory of Tensor Products (Theorem 1.2 below) of A. Grothendieck. (See Theorem 2.4(i).) It is a pleasure to express our gratitude to him here for having communicated this fact to us and to T. I to for a number of helpful conversations with the second author. The purpose of this paper is to extend these ideas to the context of all locally compact abelian (LCA) groups and to examine some of their ramifications. That is, we wish to initiate the study of the harmonic analysis of the space [CoίGj) ® C 0 (G 2 )]* of bimeasures on a pair G l9 G 2 of LCA groups.
We shall begin with some preliminary observations about bimeasures on locally compact spaces and spaces of Fourier-Stieltjes transforms. In particular, we introduce in §1 the concepts of discrete and continuous bimeasures and show that every bimeasure is the sum of its discrete and continuous parts. These results are related to those of [25] , although our methods differ from those of Saeki. The Fourier transform a bimeasure on the LCA group G, X G 2 is also introduced here. We prove in §2 that if G x and G 2 are LCA groups, then the space of bimeasures on G, X G 2 has a natural Banach-algebra structure which agrees with convolution on the space of measures on G, X G 2 . There follows a short section on subgroups, quotients and so on. The main result obtained in §3 is an extension to the present context of the well-known result of W. F. Eberlein characterizing Fourier-Stieltjes transforms on a LCA group Γ as the continuous functions on Γ which are Fourier-Stieltjes transforms on the discrete group Γ^. In §4 we study the closure of L^G, X G 2 ) as a subalgebra of the bimeasure algebra on G, X G 2 . Section 5 is devoted to the subject of idempotent bimeasures and homomorphisms between bimeasure algebras, as well as some consequences of the fact (Theorem 5.8) that when G x = G 2 -G and Δ denotes the diagonal in the dual of G X G, then every bounded, uniformly continuous function on Δ is the restriction of the Fourier transform of a bimeasure. We conclude in §6 with a short discussion of Sidon sets in the context of bimeasures.
A number of authors have studied tensor products in the context of Banach algebras. See [1], [2] , [8] , [9] , [11] and [20] and the references cited in those papers. However, it should be observed that it is an easy consequence of our Theorem 5.8 cited above that, at least when G λ -G 2 -G, the space of bimeasures onGXG does not arise as the completion of M(G) ® M(G) with respect to any tensorial norm. Our approach to the algebra structure on the space of bimeasures on G, X G 2 is via generalization of the arguments appearing in [17] .
the spaces of bounded functions on x which are, respectively, Borel measurable, continuous, continuous with limit zero at infinity, and continuous with compact support. The norm in C(X) is denoted by || ||^.
1. Tensor algebras and bimeasures. DEFINITION 1.1. Given locally compact spaces X and 7, let V o -V 0 (X, 7) -C 0 (X) ® C 0 (Y) be the projective tensor product of the indicated spaces of functions. Elements of the dual space of V 0 (X, Y) have been referred to traditionally as bimeasures on X X 7. Following [28] , for example, we denote the dual of V 0 (X 9 7) by BM(X, 7). Let V(X 9 7) = C(X)® C(7)andset
N(X,Y) = {f(ΞC(XX Y):fg(Ξ V
(X 9 7) for allgGF 0 (X, 7)}. (Y, μ γ ). Given φ E £°°(*) and ψ E £°°(7), choose {/χ =1 C C 0 (X) and {gχ =1 C C 0 (F) such that /" -> φ in L 2 (X, μ^) and g n -> ψ in L\Y, μ y ). Then Λ®^^*®^ in both
, and the corollary follows.
Our first application of Theorem 1.2 concerns bimeasures with compact support. Recall that the support of a bimeasure u on X X Γ is the smallest closed set F in X X 7 for which (/, u) = 0 for all / E F 0 (X, 7) such that / = 0 on a neighborhood of i 7 .
LEMMA 1.4. The bimeasures with compact support are dense in BM(X,Y). 9 u E BM(X, Y) and φ = φ x ® φ y , we define Since φ/E £°°(^) ® £°°(7), Corollary 1.3 applies, and <φ/ 9 u) is well defined. Thus φu E 5M( X, 7). If φ x and φ y are continuous, then
Let w E BM(X, 7), and let λ x , λ y be a Grothendieck measure pair for u. Given ε > 0, choose a compact set # x C X such that λ x (/^) < e 2 and φ x E Qoί X) such that 0 < φ x < 1 and φ x = 1 on /ί^. Similarly choose K γ and φ y . Then φu has support in the compact set (supp φ x ) X (supp φ y ), and
The lemma follows.
LEMMA 1. 5 . Let E and F be closed subsets of X and 7, respectively. There is a projection of norm one from BM(X, 7) onto BM(E, F).
Proof. For u E BM(X, 7), let v = (χ E ® χ F )u, χ E and χ F being the characteristic functions of E and F and the product defined as in Lemma 1.4. Then υ is supported on E X F 9 and it is clear that the mapping w -» υ is a linear projection onto BM(E, F). To see that that mapping has norm at most one, choose a Grothendieck measure pair λ x ,λ γ for u. For each positive integer n, choose an open set U n in X such that E C U n and λχ(U n ) < λ x (E) + n~λ and choose a function/" e C(Z) such that/ rt = 1 on EJ n =0 on t/ π c and 0 </ w < 1. Then/ π -> χ £ in L 2 (X, λ^). Similarly choose {gχ =1 C C(7) so that g n -χ F in L\Y, λ y ). Then | K/ Λ ® g n )u\\ < ||w||, Λ > 1, and (/ Λ ® gjw -^ t? weak-* in BM(X, 7). Thus ||υ|| < ||w||, and the lemma is proved. DEFINITION 1. 6 . Let E and F be closed subsets of X and 7, respectively. If w E BM(X, 7), then the image of u under the projection of BM( X, 7) onto £M(£, F) will be called the restriction of u to £ X F and denoted w| £XF . Note that there is a natural isometric isomorphism between BM(E, F) and the subspace of BM(X, 7) of bimeasures supported on£XF.Ifw6 BM{ X, 7) satisfies u \ EXF = 0 for all finite subsets £ of X and i 7 of 7, then we shall call u a continuous bimeasure. If there exist increasing sequences {E n } and {F n } of finite subsets of X and 7, respectively, such that u -lim^^ u \ E XF (norm limit), then we call u a discrete bimeasure. The spaces of all continuous and all discrete bimeasures on X X 7 will be denoted, respectively, by BM C (X, 7) and BM d (X, 7 
(i)A(T)CV 0 (T l9 T 2 ). (n)B(T)CN(T l9 T 2 ).
Moreover, each of these containments represents an embedding of norm one. Indeed, it is a well-known result of Grothendieck To see that (ii) holds, let {f a } be an approximate identity in L ι (G) such that for each compact set K C Γ, f a = 1 on K for some a and H/Jlj < 1. For each a as above and μ E M(G), (/ α * μ) E Jo(Γ,, Γ 2 ) and
with \\β\\ N ^ ||μ||. (The norm on Λ^ is the multiplier norm of operators on V 0 (T l9 Γ 2 ).) (2) Suppose G is compact, and let P: C(G X G) -» C(G) be the Herz P-mapping, namely, f Then, as is well known, P maps C(G X G) onto C(G), and if ^(G) is given its usual norm via l\T) then the restriction of P to V(G, G) is a norm-reducing map of V(G, G) onto Λ(G). In this case, PM{G) = ^l(G)* = /°°(Γ). The following observation will be used in several places in the present work to transfer statements about PM(G) to analogous assertions concerning BM(G, G) when G is compact. The details are straightforward using, say, [12, 11.1.1] and will be left to the reader. LEMMA 
Let G be compact and P: F(G, G) -> A(G) be the Herz P-map. Then P*: PM(G) -» BM(G,G) is an isometric embedding on PM{G) carrying M{G) into M(G X G) and L\G) into L\G X G), and MW μ E M (°)' More specifically Jor S E PM(G),

0, γ^δ.
We conclude this section with another lemma which we shall need later.
and ύ a -> ύ uniformly on compact sets in ^ X Γ 2 .
Proof. By Lemma 1.4, Theorem 1.2 and Corollary 1.3, we may assume u has compact support contained in K = K x X K 2 , where K ι is compact in G n i -1,2. Let £ be a compact subset of Γ = Γ } X Γ 2 . Then {γ|^: y E. E} has compact (norm) closure in V(K X , K 2 ). Thus to prove our lemma it will suffice to prove the (more general) assertion that given u E BM(K U K 2 ) there exists a net {u a } of finitely-supported bimeasures such that ||w α || < \\u\\ for all α, and u a -^> u in the topology of uniform convergence on compact sets of V{K λ , K 2 ).
A standard two-epsilon argument shows that it will suffice to find a net {u a } of finitely supported bimeasures such that ||w α || < \\u\\ for all a and such that for each finite set {f x ,...
The existence of such a net {u a } is the content of [12, Lemma 11.1.6]. The proof of the lemma is complete.
Bimeasure algebras and unitary representations.
DEFINITION 2.1. If T λ and Γ 2 are LCA groups, let S(T } , Γ 2 ) be the set of all functions αonΓ, X Γ 2 of the form (3) a(y 9 δ) = (π } {y)ξ 9 π 2 {δ)η) 9 where ΊT X and π 2 are strongly-continuous Proof. Clearly S(T V Γ 2 ) is closed under complex conjugation and scalar multiplication. Let a E S(T l9 Γ 2 ) be given by (3) on the Hubert space H and β E S(T U Γ 2 ) be given as in (3) 
Proof. Let A denote the closure of {ττ(/): / G L'(Γ)} in <&(H). Then A is a commutative C*-algebra; let 911 denotes its maximal ideal space. There is a natural continuous embedding Φ of 9H into G such that π(f)(Φ) =/(Φ(Φ)), ψe%. Thus H/)|| = |H/)Ίk < ||/|| c , and our lemma is proved.
is such that ύ = a 9 then \\u\\ < Proof, (i) We may assume w^O, Let λ,, λ 2 be a Grothendieck measure pair for u, so that (1) holds. Then there is an operator such that (f®g 9 
u)=(Tf 9 g).
Let π x and τr 2 be the representations on
Then 7τ, and ττ 2 are strongly-continuous unitary representations of Γ\ and Γ 2 , respectively, and
Let H be the Hubert space L 2 (G l5 λj)ΘL 2 (G 2 ,λ 2 ), and let the extension of T to # with matrix (%°) also be denoted by T. Following [17, p. 638], let c -||Γ|| and let Wbe a unitary dilation of c^Γon the Hubert space 
Then in K,
= (^77,(7)1,0,0), W*{0,ir 2 (δ)l,0)) (ϋ)-(iϋ). Let a G S(T l9 Γ 2 ). For/ G A(G λ ) 9 g G A(G 2 ) 9 let φ G L\T X ) 9 ψ G L^Γj)
NIIII Nl
Since ti is clearly bilinear on ^(G,) X A(G 2 ) and ^(G, ) is dense in C 0 (G t ) (i = 1,2), w extends to a bimeasure on G x X G 2 of norm at most |||||||ij||, yielding (iii) once (ii) is proven.
Extend u to β^G,) ® £°°(G 2 ) via Corollary 1.3. We now show that ύ -a. Let γ 0 G Γ,, δ 0 G Γ 2 . For / = 1,2 and for each neighborhood U t of 0 in Γ,, let φ Uf be a nonnegative function in L\T t ) such that φ Vι = 0 outside U ι9 φ U{ -φ* ; , and f υι Φ υι (y)dy -1. If λ,, λ 2 is a Grothendieck measure pair for w, then for σ 6 Γ ( , 
are such that ώj = ώ 2 . Let λ π , λ 12 be a Grothendieck measure pair for u λ and λ 21 , λ 22 be a Grothendieck measure pair for u 2 . As in the proof of Corollary 1.3, let λ f = i(λ ly + λ 2l ),
so both u x and w 2 can be extended to
, so in particular on ^(Gj, G 2 ), which proves the uniqueness assertion.
The proof of Theorem 2.4 is complete.
. By Lemmas 2.2, 2.3 and Theorem 2.4, this defines a commutative algebra structure on BM(G X , G 2 ) which extends the algebra structure of M{G X X <? 2 ). When G is compact and PM(G) is embedded in BM{G, G) as in Lemma 1.12, then PM(G) may be considered as a closed ideal in BM(G, G). In fact, BM{G V G 2 ) is a ϋ^-Banach algebra, as the following theorem asserts. (4) and Theorem 2.4, ll« * v\\ <ιmι Ni=nα iiu ||ηj |k|| < KM HITheorem 2.6 is proved.
Proof. By Theorem 1.8, BM d (G λ , G 2 ) contains any bimeasure which is the limit of bimeasures (measures) with finite support. It now follows easily from Theorem 2.6 that BM d (G x , G 2 ) is closed under multiplication. It is also easy to see from Definition 2.5 and the injectivity of the Fourier transform that if u is the bimeasure defined by evaluation at a point of G X X G 2 and v E BM(G X , G 2 ), then u * v is a translate of v. Since the translate of a continuous bimeasure is clearly continuous, the second assertion of our corollary follows also. REMARK 2.8. It is also true that the product of two continuous bimeasures on G x X G 2 is again continuous, i.e., BM C (G X , G 2 ) is an ideal in BM(G X , G 2 ), as in the case for the analogous classes of measures on G x X G 2 . The proof will appear in the forthcoming paper by J. E. Gilbert, T. I to and B. M. Schreiber [10] . It is easy to see via Theorem 2.10 below that the product is continuous when at least one of the factors is in the closure of M(G X X G 2 ). However it is not true, in general, that the Proof. Fix n > 1. For each j > 1 let gj and h j be trigonometric polynomials on G such that (7) Ik1i^2 y > l^k^n 9 (9) IIMt^ί, 0<Λ>l, (10) hj=l onsuppg,, 
7=1 7=1
The proof of Theorem 2.11 is complete.
If we now set w = P*S, where P* is as in Lemma 1.12, we obtain the following corollary. also, so the second assertion of our theorem follows. Let v be a weak-* limit point of {v a } so ||υ|| < ||w||. If w has compact support, then we may assume all the Flie in some compact set in G, X G 2 and, hence, v has compact support. (Cf. Def. 1.6.) In this case (14) persists with u and v replacing u a and v a9 and then (13) follows.
Subgroups, quotients and Bohr compactif ications.
In general, it follows from Lemma 1.4 that there is a sequence {u n } of bimeasures with compact supports such that Thus we can again replace u a and v a in (14) by w and υ and obtain (13 THEOREM 
Let u E BM(bG u bG 2 ). Then u E BM(G U G 2 ) if and only if u is continuous on Γ, X Γ 2 . Equiυalently,
(15) S(T V Γ 2 ) -5(Γ W , T 2d ) Π C(Γ, X Γ 2 ).
Proof. If u E BM(G X , G 2 )
, then u is continuous and u may be considered as an element of BM(bG λ , bG 2 ) by Lemma 3.2. Hence the left-hand side of (15) is contained in the right-hand side. (This may also be observed by neglecting the continuity of representations at first.) The reverse containment remains to be established.
Let u E BM(bG x , bG 2 ) be such that u is continuous on ^ X Γ 2 . We shall show that for/ E L\T X ) and g E L\T 2 \ 
It will then follow that there exists an element v E. BM{G X , G 2 ) such that (/»=( [ f(y,6)ύ(y,δ)dydδ
For/ E L\G X X (J 2 ), let u f denote the bimeasure determined by integration against /. REMARKS BM a (G λ ,G 2 ) is the closure of each of the spaces C 00 (G ] 
(i) Clearly
0Γ the trigonometric polynomials when G λ and G 2 are compact.
(ii) BM a (G l9 G 2 ) is a closed subalgebra of BM(G l9 G 2 ) on which the Gelfand transform is the Fourier transform and whose maximal ideal space is Γ, X Γ 2 with its usual topology. All this is easy to see from the results in §2. For example, each character in Γj X Γ 2 defines a nonzero complex homomoφhism on BM(G X , G 2 ) by the definition of the multiplication on BM(G l9 G 2 ) 9 and every nonzero complex homomoφhism on BM a (G x ,G 2 ) is nonzero on L\G X X G 2 ) and hence is given by a character.
( 
, υ E BM a (G x , G 2 ).
Our next result is the analog of the multiplier theorem of Helson and Edwards [15] , [7] , [24, Thm. 3.8 .1]. THEOREM 
Let T: BM a (G x ,G 2 ) -> BM(G X ,G 2 ) be a multiplier. Then there exists υ E BM(G X , G 2 ) such that Tu -u * v for all u E
Proof. There is a continuous function φ on Γ, X Γ 2 such that (Tu) -φu for all u G BM a (G y ,G 2 ). Given /E Q,(Γ,, Γ 2 ) and ε > 0, choose h E L\G X X G 2 ) such that h = 1 on supp/and 11% < 1 + ε. Then
Thus there exists υ E BM(G U G 2 ) with t5 = φ and ||υ|| < ||Γ||. Theorem 4.6 is proved.
There is one significant way in which the role played by
. Namely, as the following theorem shows, there is, in general, no decomposition of BM(G X ,G 2 ) into what might be called "absolutely continuous" and "singular" bimeasures. THEOREM 
Let G be a nondiscrete LCA group. There is no bounded projection from BM(G, G) onto BM a (G, G).
Proof. Suppose first that G is compact. If P*: PM(G) -* BM(G, G) is the map considered in Lemma 1.12, then P*(L ] (G)) CBM a (G 9 G). Of course, for S E PM(G) 9 S E C 0 (Γ) if and only if S E V(G) (cf. Thm. 5.8). Suppose there exists a bounded projection
Then it is easy to see from Lemma 1.12 and our previous observation that Q is a bounded projection from /°°(Γ) onto c o (Γ). But by [21] no such projection exists, so no Q as above could exist. If G is neither discrete nor compact, then the Main Structure Theorem for LCA groups says that there exists an open subgroup H of G such that H s R" X K for some n > 0 and compact group K.
If i: BM(H, H) -» BM(G,G) is the natural injection of BM(H, H) onto the bimeasures supported on H X #, and p: BM(G, G) -> BM(H, H) is the operator of restriction to H X H, then p ° ι = I B M(H,Hy I* follows that if β, as in (18), is a projection, then pQi is a bounded projection from BM(H, H) onto BM a (H, H).
Thus to prove that no such Q exists, we may assume G = R n XK. lfn = 0 then we are in the first case above. Otherwise, we shall show next that it suffices to prove our assertion for the case G = R". For / E V 0 (G 9 G), let us suppress some parentheses and write (19) (σf)(ξ 9 η) = f f /({, k 9 IJ, *') <ft dfc', {, ιj R".
It is well known that if /, g e C 0 (G) then σ(/® g) = φ ® ψ, where φ, ψ e C 0 (R"), IIΨH < 11/11 and ||ψ|| < ||g||. Hence one can verify directly that σ is a norm-reducing operator from V 0 (G, G) to ^(R",R"). On the other hand, if g e V 0 (R", R"), define τ(g) = | by
Then τ(g) e F 0 (G,(?)with
), let g be defined by (20) so that g e L\G X G). For «f>,ψ6 C 0 (G), a straightforward computation shows that
so that σ*(« ? ) = «-. In particular, = / fφ(x)ψ(y)g(x, y) dxdy=(<$>® ψ, Mf ),
, and is given by the integral in (19) . Thus if g E L'(R 2 "), then τ*σ*(u g ) = τ*(u g ) = u g .
Hence if Q as in (18) is a bounded projection, then τ*Qσ* is a bounded projection from BM(R",R") onto 5M a (R",R"). Thus we have shown that we may assume G = R". We shall show that for G -R" no projection as in (18) exists. To accomplish this we shall show that if Q is such a projection, then Q induces a projection from BM(Ύ",T") onto BM a (Ύ",Ύ n ). An appeal to the compact case discussed above then completes the proof of Theorem 4.7.
Let I" denote the closed unit cube, and define ψ: I" -> T" by Let J n -{x E l n \ x ι Φ 1 for all /}. Then ψ \j n is injective; let us denote its inverse by ψ"
.
n of norm at most A^G||M|| such that
The bimeasure M lies in BM a (Ύ\Ύ n ) if and only if Ψ(u) E BM a (G, G), and the restriction Φ of Ψ to BM a (Ύ", Ύ n ) is a Banach-space isomorphism onto {w E BM a (G,G): u is supported on /" X / n }. If p denotes the operator of restriction of bimeasures on G X G to /" X /", then it is clear that Φ~]pQΨ is the required projection on 5M(T n ,T"), and our Theorem is proved.
5.
Idempotents, homomorphisms and restriction to diagonals. We begin this section by showing that the connection between homomorphisms between measure algebras and idempotents observed by P. J. Cohen [3] , [24, Thm. 4.4.3] also holds for homomorphisms between bimeasure algebras. However, one must use some care in defining the "graph" associated with a given homomorphism. Proof. We already observed that N ψ is open, which is clear from its definition. On the other hand, Ψ(δ (00) ) is an idempotent in BM(G[ 9 G' 2 ) which acts as the identity for Φ(BM(G l9 G 2 )), from which it follows that
Since Ψ(δ (00) ) is continuous, N ψ is closed. 2 ) and let φ be defined by (22) . Note that, since G, is dense in bG t , i-1, 2, the points x λ9 ... 9 x m E.bG λ and y l9 ... 9 y n E bG 2 in the proof of Lemma 1.13 could in this case be chosen in G, and G 2 , respectively. Hence given ε > 0 and (γ(, δj),... 9 (y' n9 δ^) E Γ 2 , there exists v E BM(G V G 2 ) with ||υ|| < ||w|| such that if ψ is defined as in (22) for v then By Lemma 5.2, ψ E ^Γ', Γ') C S(Γ xd , T{ d ) and ψ = w, where w E 5M(G;, G 2 ) with ||w|| < ^||Ψ||||w||. Since ε is arbitrary, it is easy to see (by considering trigonometric polynomials on bG\ and bG 2 ) there exists z E BM(bG[ 9 bG 2 ) such that z = φ and ||z|| < ^||Ψ||||w||, completing the proof. . The proof is an adaptation of the argument on pp. 84-85 of [24] . Let p be a trigonometric polynomial on G\ X G 2 . Consider /? as a trigonometric polynomial on G, X GJ X G 2 X G' 2 which does not depend on the first and third variables. So now (-x' y') and Given ε > 0, let p be a trigonometric polynomial on GJ X G2 such that \\p\\ λ < 1 + ε and^γ/, δj) = 1, 1 < / < ra, 1 <y < Λ. Then Proceeding as in the proof of Lemma 2.6, we can pass to a Hubert space containing L 2 (Γ) and a unitary dilation of HAH^M/, to obtain a function a 6S(Γ,Γ) satisfying (23) . If Γ is discrete, then since Δ is a subgroup of Γ there is an idempotent measure μ on G such that β is the characteristic function of Δ. Thus βa is the desired function in this case. However, a more direct proof in case Γ is discrete comes from consideration of the function which has the desired properties.
Returning now the general case, let/E C 0 (Γ), and write/= Σ™ =] f n > where f n E C^Γ) and Σ^= 1 ||/J| < oo. By the Open Mapping Theorem there exists C> 0 and u n E BM(G, G) such that ύ n (y 9 γ) = / π (γ), γ E Γ and ||ttj| < C||/ ||, w = 1,2,.... [22] .
As an application of Corollary 5.10 we can obtain a proof of the following theorem of Saeki [25, Thm. 3] in the spirit of the present work. Then Φ is easily seen to be a norm-reducing linear map which maps
. But Corollary 5.10 says this is not the case. Conversely, suppose, say, X contains no nonvoid perfect sets. Since the support of a continuous regular Borel measure is obviously a perfect set, we see that every regular Borel measure on X is discrete. In particular, if u E BM(X, Y) and λ x , λ γ are a Grothendieck measure pair for u, then λ x is discrete. So given ε > 0 and C > 0 as in (1), it follows easily from (1) that there is a finite set E C X such that and w | £x r is clearly a measure.
6. Some thin sets associated with bimeasures. Throughout this section we shall restrict our attention to compact groups G x and G 2 and their discrete duals and study the notion of a Sidon set relative to the bimeasure algebra. Extensions to noncompact groups G x and (z 2 , including the notion of a Z?M-Helson set, may be supplied by the informed reader. DEFINITION 6.1. A subset E of T x X Γ 2 is called a BM-Sidon set if for every bounded, complex-valued function f on E there exists u G BM(G X , G 2 ) such that ύ-fonE, Note that, as in the case of measures, if E is a i?M-Sidon set, there exists C> 0 such that, given / as above, the bimeasure u can be chosen so that \\u\\ < C||/|| £ . The smallest such C is called the BM-Sidon constant of E.
Just as in the case of measures, there is a series of conditions on a set E which are equivalent to the assertion that £ is a 2?M-Sidon set. The proof of the following theorem rests on standard arguments such as may be found in Proof. We shall verify condition (ii) of Theorem 6.2. Let / be a trigonometric ^-polynomial and let e > 0 be given. Choose trigonometric polynomials g,,... 9 g m on C x and A,,... ,Λ m on G 2 such that/ = Σf 2 g y ® hj and (25) is necessary if the conclusion of Theorem 6.3 is to be valid. REMARK 6.5. We conclude our discussion of #M-Sidon sets with some remarks regarding the union of such sets. It is a straightforward exercise to modify the argument of Drury [4] , [5, §5.5] by substituting bimeasures for measures; we shall omit the details. If this is done and the fact that M(G { X G 2 ) is a Banach algebra is replaced by Theorem 2.6, one arrives at the quantitative result embodied in the following theorem. A standard argument then leads to Corollary 6.7 below. We have explored the possibility of adapting to the context of bimeasures Rider's proof [23] of the union theorem for Sidon sets, which proof uses the notion of "almost surely continuous" functions. If that adaptation could be accomplished, a better estimate (on the order of C 3 ) of the norm in Theorem 6.6 would follow. However, there are several places in the proof of Rider where such an adaptation appears difficult to achieve. THEOREM 6.6 . Let E be a BM-Sidon set in T x X Γ 2 with BM-Sidon constant C. There exists u E BM(G U G 2 ) such that ύ = 1 on E, \ϋ\< 1/2 outside E, and \\u\\ < ^4 COROLLARY 6.7. If E and F are BM-Sidon sets in Γ, X Γ 2 , then EOF is a BM-Sidon set.
